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I. EXPERIMENTAL PROCEDURES FOR MATTER-LIGHT
QUANTUM INTERFACE
As shown in Fig. S1a, we split a write pulse into four
beams with two calcite beam-displacers {BD1,BD2}, with out-
put fields of the form Ewrite = ( Ea + eiφ
(w)
1 Eb) + eiφ
(w)
2 ( Ec +
eiφ
(w)
3 Ed). We control their relative intensities using the two
waveplates (λ/2) near {BD1,BD2}, with writing phases φ
(w)
i ∈
{φ(w)1 , φ
(w)
2 , φ
(w)
3 } set by the tilting angles of {BD1,BD2}. In
turn, the heralding fields γ1 = {a1, b1, c1, d1} emitted from the
writing process are combined into two spatial modes at BD3,
with each mode carrying polarizations {|H, |V } to accom-
modate the fields γ(ab)1 = {a1, b1} and γ
(cd)
1 = {c1, d1}. We
then interfere the polarization components of the spatial modes
{γ(ab)1 , γ
(cd)
1 } by way of BD4, whose output modes experience
polarization interference at the polarizing beamsplitter PBSh,
with one output monitored by the heralding detector Dh. Here,
† Present address : National Institute of Standards and Technology,
Boulder, Colorado 80305, USA
the relative phases acquired by the propagation of fields γ1 be-
fore the detection at Dh are given by φ
(h)
i ∈ {φ
(h)
1 , φ
(h)
2 , φ
(h)
3 }.
We control φ(h)i with a set of Berek compensators.
A photoelectric detection of a single photon γ1 emitted in-
distinguishably by one of four ensembles  = {a, b, c, d} pre-
pares an atomic entangled state ρˆ(A)W , whose mutual phases
φi ∈ {φ1, φ2, φ3} between ensembles {a, b}, {a, c}, and {c, d}
are φi = φ
(w)
i − φ
(h)
i for i ∈ {1, 2, 3}. To generate a ‘crossed’
quantum state ρˆ(A)× , we replace PBSh with a non-polarizing
beamsplitter BSh in the heralding interferometer (Fig. S1a),
such that the fields γ(ab)1 and γ
(cd)
1 are mixed with orthogonal
polarizations. While in practice we do not discriminate events
arising from the fields γ(ab)1 and γ
(cd)
1 , the intrinsic possibility of
analyzing the polarization state of the heralding photon to infer
the two distinct events completely destroys the bipartite coher-
ence (and entanglement) for the split between {a, b} and {c, d}.
Finally, after a variable delay, a strong counter-propagating
read pulse, with reading phases φ(r)i ∈ {φ
(r)
1 , φ
(r)
2 , φ
(r)
3 } set
by {BD3,BD4}, transforms the entangled atomic components
{a, b, c, d} of ρˆ(A)W to entangled beams γ2 = {a2, b2, c2, d2}
comprising the photonic state ρˆ(γ)W . The photonic phases
{φ1, φ

2, φ

3} of ρˆ
(γ)
W depend on the overall accumulation of
atomic phases φi via φi = φ
(r)
i − φi. Importantly, the set
of calcite displacers {BD1,BD2,BD3,BD4} forms an interfer-
ometrically stable four-mode Mach-Zehnder device, in which
any common-mode phase drift of {φ(w)i , φ
(r)
i , φ
(h)
i , φ

i} is pas-
sively counter-balanced over several days. Thus, the entangled
state ρˆ(A)W (ρˆ
(γ)
W ) in our experiment
1 is generated with stable
phases {φ1, φ2, φ3} ({φ1, φ

2, φ

3}) from trial to trial, which can
be transferred to independent reference frames for entanglement
verification without exploiting additional quantum channels2.
II. OPERATIONAL PROCEDURES FOR ENTANGLEMENT
VERIFICATION
To verify the entanglement of the photonic state ρˆ(γ)W , we
use a nonlocal, nonlinear uncertainty relation4, in which mode-
entangled states for M > 2 can be efficiently detected with a
significantly smaller number of measurements than conventional
techniques4,5. Specifically, our protocol requires measurements
of (U) the photon statistics yc and (L) the mutual coherences
∆ of the multipartite entangled optical modes, as shown in Fig.
S1b.
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FIG. S1 Experimental schematics for entanglement generation, transfer, and verification. a, Entanglement generation. A weak write laser
is sequentially split into four components by displacers {BD1,BD2} to excite atomic ensembles  = {a, b, c, d}. The resulting fields γ1 =
{a1, b1, c1, d1} are brought into interferences with displacer BD4 and polarizing beamsplitter PBSh, and sent to a single-photon detector Dh. A
detection event at Dh heralds the creation of a quadripartite entangled state. b, Quantum-state transfer and entanglement verification. After a
storage time τ , we convert the atomic state of the ensembles  = {a, b, c, d} to an entangled state for fields γ2 = {a2, b2, c2, d2} by way of strong
read pulses. (U) yc-measurement − By setting the waveplates (λ/2)v to θ0 = 0◦, we measure the occupation statistics of the individual modes
with detectors Da,b,c,d. (L) ∆-measurement − With (λ/2)v at θc = 22.5◦, we optimize the verification phases {β1, β2, β3}v for constructive
interferences of the fields γ2 at PBS1,2 and BS1,2. Piezoelectric fiber stretching modules (FS) are used in the verification interferometer for
active stabilizations of {β1, β2, β3}v . The quadripartite atomic entanglement is generated for four collective atomic modes of the ensembles
 = {a, b, c, d} in inset (i), which are individually controlled by the classical writing, repumping, and reading lasers shown in inset (ii). Both
images in the insets (i), (ii) result from background-subtracted fluorescences of the four atomic ensembles. The quantum fields {γ1, γ2} are
generated in a non-collinear geometry3 with a crossing angle of 2.5◦ (not shown) relative to the classical beams.
Operationally, we measure the entanglement parameters by
first combining the four optical modes γ2 = {a2, b2, c2, d2}
with BD2 into two spatial modes γ
(ab)
2 = {a2, b2} and γ
(cd)
2 =
{c2, d2}, with each mode {a2, b2} ({c2, d2}) of γ2 encoded in
the respective polarizations {|H, |V } of γ(ab)2 (γ
(cd)
2 ). By ro-
tating two waveplates (λ/2)v before PBS1,2 between θ0 = 0◦
and θc = 22.5◦, and by reconfiguring the fiber-optical connec-
tions, we switch between the measurement setups for accessing
yc and ∆.
In particular, measuring the sum uncertainty ∆ involves pair-
wise interference of the optical channels γ2 = {a2, b2, c2, d2}.
The coherence properties of the photonic state are characterized
by the stable photonic phases of {φ1, φ

2, φ

3}, and by the off-
diagonal elements dαβ of ρˆ
(γ)
W (Methods). This requires high
phase stability of {β1, β2, β3}v for the relative optical paths
of the verification interferometer shown in Fig. S1b. Here,
{β1, β2, β3}v denote to the relative phases between the modes
{a2, b2}, {a2, c2}, and {c2, d2}, respectively. Additionally,
{β1, β2, β3}v of each optical path leading from the output faces
of the ensembles must be tuned to {φ1, φ

2, φ

3} such that max-
imum constructive interferences for the fields {a2, b2, c2, d2}
occur in a pairwise and sequential fashion5. We achieve the
optimal settings of these phases by varying {β1, β2, β3}v and
recording the sum uncertainty. Fig. 2a in the main experiment1
shows such a measurement for β2.
To stabilize the verification phases {β1, β2, β3}v , we incorpo-
rated an auxiliary reference laser Eaux to probe the interferome-
ter during the laser cooling and trapping stage of our experiment
via an ex-situ phase modulation spectroscopy5. The active sta-
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bilizations of {β1, β2, β3}v rely upon the passively stable paths
of the eight quantum fields {γ1, γ2}.
During the phase stabilization stage, the outputs of the verifi-
cation interferometer are routed to a set of auxiliary photodetec-
tors by micro-electromechanical switches (MEMS) to monitor
{β1, β2, β3}v . We also use another set of MEMS for switching
Eaux, which can extinguish the intensity of the reference laser
with an overall extinction of  200 dB during the operation of
the quantum interface. Additionally, by setting the frequency of
Eaux to the |s − |e transition of Caesium, Eaux initializes the
ensembles  = {a, b, c, d} to the ground state |g of the quantum
interface. Based on the interference signal of Eaux, we apply a
feedback signal to the two piezoelectric fiber stretching mod-
ules (FS) in Fig. S1 that control the relative path lengths (β2)
leading from the ensembles. The remaining phases {β1, β3}v
are passively stabilized by stable interferometers (over several
days), and controlled independently with a set of calcite Berek
compensators.
To operate the quantum interface (3ms), (i) we set the control
signals for the fiber stretchers to values V0 + Vc, with set-point
V0 corresponding to a fixed phase β2 of the interferometer dur-
ing stabilization, (ii) switch off the laser Eaux, and (iii) reroute
the interferometer outputs to the single-photon countersDa,b,c,d
via the MEMS for 3 ms. This system allows to set the phases
β2 to an arbitrary value by incrementing V0 by Vc to V0 + Vc,
with no degradation for the quantum statistics and coherence of
ρˆ(γ)W . Moreover, the verification phases remain stable for the
3-ms operating duration of the quantum interface. Thus, the
asynchronous (‘ex-situ’) sequences for acquiring and stabiliz-
ing {β1, β2, β3}v of the verification interferometer do not affect
the sensitive operation of the quantum interface. In addition,
the asynchronous timings allow the generation process of the
atomic (photonic) entanglement with atomic (photonic) phases
{φ1, φ2, φ3} ({φ1, φ

2, φ

3}) to be independent of the procedures
for stabilizing the verification phases {β1, β2, β3}v , thereby sat-
isfying the entanglement verification criteria of ref.2.
III. NUMERICAL OPTIMIZATIONS OF THE UNCERTAINTY
BOUNDS AND THEIR ERRORS
In the presence of technical imperfections in the verification
interferometer arising from imbalances in transmission losses
{η, η} and beamsplitting ratios {α, α} of Fig. S2, the ideal
projectors Πˆ(c)i = |WivWi| evolve into modified sets πˆ
(c)
i =
|W i vW

i |, which project the input ρˆr onto imbalanced W -
states |W i v , with refs.
4,5 providing further details. Generally,
these projectors πˆ(c)i are non-orthonormal due to the differen-
tial losses, but still span the single-excitation subspace ρˆ1 of
ρˆr. Importantly, the reductions of projection fidelities F
(π)
i =
vWi|πˆ
(c)
i |Wiv ≤ 1 of πˆ
(c)
i can only decrease the efficacy of
the verification protocol for detecting larger sets of states that
belong to the state space of genuine W -states. Therefore, the
observation of ∆ below the bounds ∆(M−1)b using the modified
projectors is still a sufficient condition for genuine M -partite
BS1
BS2
BS3 BS4
FIG. S2 Various imperfections in verification interferometer. The
verification interferometer transforms the input photonic modes γ2 =
{a2, b2, c2, d2} to the output modes γ2 = {a2, b2, c2, d2}. The pro-
jectors Πˆ(c)i are transformed into imbalanced states πˆ
(c)
i due to losses
and imbalances in the verification protocol. The transmission efficien-
cies {η, η} (blue) and beamsplitting ratios {α, α} (red) are shown.
Dashed arrows are the auxiliary modes for loss propagations of the in-
put state ρˆ(γ)W .
entanglement4. In the experiment1, the losses and beamsplitter
ratios for the interferometer are matched within 5%, as shown in
Table I.
To quantify the accuracies of our projectors π(c)i to those of
an ideal ∆-measurement, we numerically simulate the projec-
tion fidelities F (π)i of the modified πˆ
(c)
i , as implemented by the
measurement apparatus in Fig. S1b, to the ideal Πˆ(c)i . For this,
we assume normal distributions for the parameters in Table I due
to their systematic uncertainties, and build histograms of F (π)i in
Fig. S3, which give the probability densities pd(F
(π)
i ) for F
(π)
i
such that
 1
0 pddF
(π)
i = 1. Due to the quadratic structure of
the projection fidelities, F (π)i is insensitive to small variations in
the parameters of Table 1 when the verification interferometer
is close to balanced (i.e. α12  α34  α14  α

23  1/2,
η1  η2  η3  η4, and η1  η

2  η

3  η

4). Thus,
we find a mean value F (π) of the four projection fidelities with
F (π) = 14 (F
(π)
a + F
(π)
b + F
(π)
c + F
(π)
d ) = 99.9
+0.1
−0.2 % by fit-
ting the resulting probability densities p(i)d to asymmetric Gaus-
sian distributions G(F (π)i ). The close-to-unity {F
(π)
i } justify
our analysis of the entanglement fidelities {F (A), F (γ)} for the
atomic and photonic states in ref.1.
In addition, we extend this model to numerically minimize the
uncertainty bounds {∆(3)b ,∆
(2)
b ,∆
(1)
b } over the full range of yc
for tripartite, bipartite entangled states, and for fully separable
states, respectively4,5. The calibration errors in the parameters
of Table I give rise to the bands in the uncertainty bounds of
Figs. 2 and 3 in the experiment1, which depict the ±1 s.d. un-
certainties of the respective boundaries. In Fig. S4, we show
the probability distributions of the bounds {∆(3)b ,∆
(2)
b ,∆
(1)
b }
for the minimal entanglement parameters {∆min, yminc } achieved
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in the experiment1.
IV. DATA AND ERROR ANALYSIS
The calibration errors in Table I and the finite quantum effi-
ciencies ηd for the non-number resolving (threshold) detectors
Di may cause the actual entanglement parameters {∆, yc} of
the physical states {ρˆ(A)W , ρˆ
(γ)
W }, that result from the ideal POVM
values of {Πˆ(c)i , Πˆ
(s)
i }, to be inferred incorrectly from our mea-
surements. We describe here how {∆, yc} can be conservatively
estimated from the photoelectron statistics of the detectors Di.
First, we confine our analysis to the reduced subspace
ρˆr = p0ρˆ0 + p1ρˆ1 + p≥2ρˆ≥2 of the physical density matri-
ces {ρˆ(A)W , ρˆ
(γ)
W } up to one excitation per mode and ensemble.
Importantly, this truncation process can be simulated by local
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FIG. S3 Projection fidelities for quantum uncertainty relations.
We show histograms for the projection fidelities F (π)i of the modi-
fied operator πˆ(c)i to the ideal Πˆ
(c)
i associated with detector Di for i ∈
{a, b, c, d}. The mean value of the projection fidelities of 99.9+0.1−0.2 %
is deduced by fitting the respective probability densities p(i)d with asym-
metric Gaussian distributions G(F (π)i ) (see the main text).
filters on the individual modes of {ρˆ(A)W , ρˆ
(γ)
W } and leads to a
model-independent inference of the lower-bound entanglement
of the full physical state {ρˆ(A)W , ρˆ
(γ)
W } (ref.
2,6). The truncations
of {ρˆ(A)W , ρˆ
(γ)
W } into ρˆr also justifiy the use of single-photon
avalanche photodetectors for the (local) yc-measurement, since
threshold detectors with finite efficiencies can be simulated by
local filters2,6. We extract the photon statistics for the diagonal
elements {p0, p1, p≥2} of ρˆr by a Bernoulli inversion7 of the
photoelectron statistics at Di to the photon statistics qijkl at the
faces of the ensembles (ref.5). The spin-wave statistics can then
be deduced by back-propagating the field statistics at the face of
the ensembles to the spin-wave statistics {p˜0, p˜1, p˜≥2} for the
reduced subspace of the ensembles, assuming linear mapping
from matter to light8,9.
For the sum uncertainty ∆, we additionally employ a numer-
ical algorithm that estimates the upper bound of ∆ for the one-
excitation subspace ρˆ1. By defining the success probability q
(s)
i
for a single-photoelectric detection event pi to arise from ρˆ1, the
single-photoelectron probability pi is given by (ref.
4),
pi = q
(s)
i p
(s)
i + (1− q
(s)
i )p
(f)
i . (1)
Here, p(s)i = Tr(πˆ
(c)
i ρˆ1) is the conditional probability for one
photon atDi originating from ρˆ1, normalized with

i p
(s)
i = 1.
On the other hand, p(f)i is the normalized probability for a false
single-photon event based on a spurious detection of a single
photoelectron. Such an event can occur with a failure probabil-
ity 1 − q(s)i if multiple photons are transmitted and registered
at the same detector as a single photoelectron, or if the higher
order terms ρˆ≥2 at the faces of the ensembles are transformed
into a single photon before the detectors by the lossy propaga-
tions (Table I). Eq. 38 of ref.4 provides the explicit expression
for q(s)i . We do not subtract spurious backgrounds from atomic
fluorescence, scattering noise, and detector dark counts.
Then, our goal is to unambiguously determine an upper
bound of ∆ = 1 −

i(p
(s)
i )
2 for all possible realiza-
tions of p(f)i . We constrain this optimization problem with
a set of data for the measured single-photoelectron probabili-
ties pi (∆-measurement) and the photon statistics yc (thereby,
{p0, p1, p≥2} of ρˆr), as well as the transmission efficiencies in
Table I and the detection efficiencies for Di. With these pa-
rameters, we assign the success probability q(s)i of projecting
TABLE I Experimental imperfections in verification interferome-
ter. Measured beamsplitter values {α, α} and transmission efficien-
cies {η, η} for the verification interferometer in Fig. S2 are shown.
The systematic uncertainties (δκ) of {κ} are fractionally (δκ/κ) =
0.05 for κ ∈ {α, α, η, η}. Note that α12  α34  α14  α23 
1/2, η1  η2  η3  η4, and η1  η2  η3  η4.
α12 α34 α23 α

14 η1 η2 η3 η4 η

1 η

4 η

2 η

3
0.51 0.49 0.50 0.48 0.52 0.54 0.52 0.50 0.95 0.96 0.91 0.93
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the purported state ρˆr onto πˆ
(c)
i . Instead of algebraically upper
bounding∆ (ref.4), which can yield an unphysically large result
∆ > 0.75, we perform a Monte-Carlo analysis to numerically
determine a set of p(s)i that maximizes ∆ within the physical
limit

i p
(f)
i = 1 over the distributions of q
(s)
i . Here, the errors
of q(s)i occur from the systematic uncertainties of {η, η
} and of
the detection efficiencies, as well as of the statistical uncertain-
ties of yc of ρˆr.
This procedure was employed for all the data sets of Figs. 2
and 3 in the experiment1 (as well as of Figs. S5 - S7) to obtain
conservative estimates of the entanglement parameters {∆, yc}.
The numerical errors for the Monte-Carlo simulations of all the
data and the boundaries are well within < 0.1% of their overall
uncertainties. In Fig. S4, we display a histogram for the minimal
entanglement parameters {∆min, yminc } = {0.07
+0.01
−0.02, 0.038 ±
0.006} (ref.1). We find that ∆min (black bars) is suppressed be-
low ∆(3)b = 0.261
+0.010
−0.015 (red bars) by 10 s.d. We emphasize
that we do not subtract any noise in the detection statistics nor
do we post-select our data in the analysis, and thereby charac-
terize the quantum state {ρˆ(A)W , ρˆ
(γ)
W } that is physically available
to the user.
V. THEORETICAL MODEL FOR THE QUANTUM INTERFACE
We describe theoretical models for the generation, stor-
age, and transfer of the multipartite atomic state ρˆ(A)W =
Trh(ΠˆhUˆ
†
writeρˆ
(A)
g Uˆwrite) to the photonic state of ρˆ
(γ)
W =
TrA(Uˆ
†
readρˆ
(A)
W Uˆread).
 
 
0.75
0.5
0.25
0
0 0.25 0.5 0.75
FIG. S4 Numerical optimizations for the minimal entanglement
parameters and the uncertainty bounds. Histograms of a Monte-
Carlo analysis for minimizing 1-mode bound ∆(1)b (purple bars), 2-
mode bound ∆(2)b (green bars), and 3-mode bound ∆
(3)
b (red bars) are
shown for the smallest measured values of the entanglement parameters
{∆min, yminc } (black bars) in ref.1. The vertical axis is the probability
density pd corresponding to the respective value of ∆. The lines are
fits to Gaussian distributions pd(∆) = G(∆) with asymmetric widths
for ±1 s.d.
A. Entanglement generation
First, we begin our model with an interaction Hamiltonian
(ref.10)
Hˆ()write/ =
g0Ω
()
write
δ
(aˆγ1 Sˆ + aˆ
†
γ1 Sˆ
†
 ) (2)
for the parametric writing process of ensemble  with exci-
tation parameter ξ = tanh(g0Ω
()
write∆tw/δ). Here, Ω
()
write (δ)
is the Rabi frequency (detuning) of the writing laser, and aˆγ1
(Sˆ) is the annihilation operator for the fields γ1 (collective
excitations in ensemble ). The writing process transforms
the initial atomic state |g into individual products of two-
mode squeezed states between the fields γ1 and ensembles 
via Uˆwrite =

 exp(i∆twHˆ
()
write/), with the writing phases
{φ(w)1 , φ
(w)
2 , φ
(w)
3 } included in Ω
()
write.
Upon the transformation of the fields γ1 by our heralding in-
terferometer, we find that the output mode operator for γ1 is
given by (up to an overall normalization) aˆh → aˆa1+e
iφ(h)1 aˆb1+
eiφ
(h)
2 (aˆc1 + e
iφ(h)3 aˆd1), where aˆi1 is the mode operator for the
field i1 ∈ γ1. Here, we omit the vacuum terms because we
make use of normally ordered expectation values. Additionally,
the heralding measurement Πˆh with the threshold detector Dh
is modeled with ηh, describing the overall efficiency for detect-
ing γ1 (including losses in the heralding channels, quantum ef-
ficiency of Dh and mode-matching efficiency to the collective
state11), where
Πˆh = 1−
∞
n=0
: (−ηhaˆ
†
haˆh)
n :
n!
. (3)
Therefore, by calculating ρˆ(A)W = Trh(ΠˆhUˆ
†
writeρˆ
(A)
g Uˆwrite) for
ρˆ(A)g = |gg| and ηh  1, we obtain the analytic ex-
pression of the atomic state ρˆ(A)W in Eq. 3 of ref.
1 with the
ideal case without additional noise (see section V.D for our
noise model). The atomic entangled state ρˆ(A)W is thereby ob-
tained non-destructively from a quantum measurement Πˆh on
the heralding systems γ1, whereby the higher order contamina-
tion ρˆ(A)≥2 scales with ξ instead of ξ
2. The creation of ρˆ(A)W is then
heralded by the photoelectric detection Πˆh of the fields γ1 with
probability ph = Tr(ΠˆhUˆ
†
writeρˆ
(A)
g Uˆwrite).
B. Entanglement transfer
The transfer of the stored quadripartite entanglement to the
photonic entanglement is described by a linear mapping process
Uˆread (ref.12), which transfers the delocalized collective state |s
of the ensembles  to the individual fields γ2 with retrieval effi-
ciency ηread. The reading process then generates a photonic state
ρˆ(γ)W = TrA(Uˆ
†
readρˆ
(A)
W Uˆread) via a ‘beamsplitter’ rotation Uˆread of
ρˆ(A)W into ρˆ
(γ)
W with a ratio given by ηread (and reading phases
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{φ(r)1 , φ
(r)
2 , φ
(r)
3 }), after which the atomic states are traced over.
C. Entanglement verification
Finally, we model the photoelectric detection statistics of the
photonic state ρˆ(γ)W at Da,b,c,d. The detection probabilities for
the output channels γ2 = {a

2, b

2, c

2, d

2} of the entanglement
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FIG. S5 Statistical evolutions of the individual entanglement pa-
rameters. The data points and black line depict the statistical depen-
dences of a, ∆ and b, yc to the heralding probability ph(ξ) for Fig.
2b in ref.1. c, We also display the expanded view of the entanglement
parameters {∆, yc} depicting the statistical transitions of multipartite
atomic entanglement (inset of Fig. 2b in ref.1). The thermal behaviors
{∆(T ), y(T )c } of the thermal equilibrium states ρˆ
(H)
G and ρˆ
(LMG)
G of the
Heisenberg-like and the Lipkin-Meshkov-Glick models are shown as
red dashed and blue dash-dotted lines, respectively. Here, the horizon-
tal axis is the heralding probability ph(ξ), with thermal excitation given
by ξ = e−βT J for the spin models.
verification setups in Figs. S1b and S2 can be modeled with
projectors
Πˆ(γ

2)
0 =
∞
n=0
: (−ηγ2 aˆ
†
γ2
aˆγ2)
n :
n!
(4)
for null events, and
Πˆ(γ

2)
1 = 1− Πˆ
(γ2)
0 (5)
for events that register one or more photons. Here, ηγ2 is the
overall efficiency for detecting a photon in field γ2 at Da,b,c,d.
The photoelectric detection probabilities p(c,s)ijkl for count-
ing i, j, k, l photoelectrons at Da,b,c,d can be calculated from
the projectors Πˆ(c,s)ijkl = Πˆ
(a2)
i Πˆ
(b2)
j Πˆ
(c2)
k Πˆ
(d2)
l , via p
(c,s)
ijkl =
Tr(Πˆ(c,s)ijkl ρˆ
(γ)
W ), for the respective configurations {c, s} of ∆
and yc setups in Fig. S1b. Finally, the mode operator aˆγ2
for the output channel γ2 is given by (aˆa2 , aˆb2 , aˆc2 , aˆd2)
T =
Uˆ (c,s) · (aˆa2 , aˆb2 , aˆc2 , aˆd2)
T . Here, the transfer matrix Uˆ (c,s) is
(i) a unity matrix Uˆ (s) = I for the yc-measurement, and (ii)
Uˆ (c) =
1
2


1 eiβ1 eiβ2 ei(β2+β3)
1 −eiβ1 −eiβ2 ei(β2+β3)
1 −eiβ1 eiβ2 −ei(β2+β3)
1 eiβ1 −eiβ2 −ei(β2+β3)


(6)
for the ∆-measurement (Fig. S2), where we assume balanced
loss in writing Eq. 6, but not for our general analysis.
D. Incorporating noise into the model
To include the effects of atomic fluorescence and laser scat-
tering noise emanating from the writing and reading pro-
cesses, as well as of the background contamination includ-
ing dark counts in the detectors, we mix dephased coher-
ent states ρˆrB ,q =

||rB |eiφq q|rB |eiφq |dφq and ρˆrI ,q =
||rI |eiφq q|rI |eiφq |dφq into quantum channels q ∈ {γ1, γ2}
of the initial state, and find that
ρˆ(A)g =


|gg|

γ1
(ρˆrB ,γ1 ⊗ ρˆrI ,γ1)

γ2
(ρˆrB ,γ2 ⊗ ρˆrI ,γ2),
(7)
with quantum fields γ1 = {a1, b1, c1, d1}, γ2 = {a2, b2, c2, d2}.
Here, {rB , rI} are the respective probability amplitudes for
the background and intensity-dependent noises (atomic fluores-
cence and scattering noise). In the experiment, we directly mea-
sure the noises |rB,γ1 |
2, |rB,γ2 |
2 and |rI,γ2 |
2. We also infer the
heralding and retrieval efficiencies {ηh, ηread} (see ref.1), as well
as the scattering noise |rI,γ1 |
2 ∝ |Ω()write|
2 for the writing laser
by independently measuring the individual quantum correlation
functions gγ1,γ2 for the fields {γ1, γ2}, following the methods
in refs.8,9,11.
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FIG. S6 Temporal decay of coherences stored in four atomic ensembles. a, Evolution of the photon probabilities {p1000, p0100, p0010, p0001}
for occupying the output modes of the verification interferometer (∆-measurement) versus storage time τ . For readability, the heights of the bars
are shown in accord to the color convention of the inset i. Error bars, shown as grey squares, reflect the statistical uncertainties for each point. b,
Photon probabilities {p1000, p0100, p0010, p0001} from our theoretical model, which assumes a memory time determined from the temperature of
the cold atomic samples and the net momentum transfer to the atomic spin-waves.
Finally, using the initial state of ρˆ(A)g in Eq. 7, we approxi-
mate the physical state of ρˆ(A)W = Trh(ΠˆhUˆ
†
writeρˆ
(A)
g Uˆwrite). We
then simulate ρˆ(γ)W = TrA(Uˆ
†
readρˆ
(A)
W Uˆread) as well as the various
expectation values of Πˆ(c,s)ijkl  associated with the photoelectron
statistics p(c,s)ijkl of {∆, yc}. Finally, we perform the numerical
algorithm described in section IV and obtain the theoretical ex-
pectations of {∆th, (yc)th} as functions of heralding probability
ph, shown in Fig. S5. The theoretical curves in the experiment1
are given by the parametric dependences of the entanglement
parameters {∆th, (yc)th} to the heralding probability ph.
VI. TEMPORAL DYNAMICS OF ATOMIC MULTIPARTITE
ENTANGLEMENT
As described in the Methods, the decoherence mechanism for
the atomicW -state ρˆ(A)W (τ) is dictated primarily by the motional
dephasings of spin-waves13. Qualitatively, the dephasings of the
ensembles  = {a, b, c, d} arise from independent evolutions
of the spatial phases φ(sw)j (τ) = δk · rj(τ) + φi imprinted on
the spin-waves |s(τ) =

j e
iφ(sw)j (τ)|g · · · sj · · · g due to
thermal motions, where δk = kw − k1 and φi = φ
(w)
i − φ
(h)
i .
Specifically, by assuming a Boltzmann velocity distribution with
a mean velocity vt for each ensemble , we find analytically that
the probability pc for the coherent atomic component ρˆ
(A)
c of
ρˆ(A)W (τ) decays over time τ , following pc ∝ |s(0)|s(τ)|
2 
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e−τ
2/τ2m +O(1/NA,) (refs.13,14).
We follow a procedure similar to section V to simulate the
dynamics of the atomic W -state ρˆ(A)W (τ). In particular, absent
any noise (i.e. ρˆ(A)g = |gg|) and for ηh  1, we obtain the
atomic dynamics
ρˆ(A)W (τ)  (1− 3ξ)(cos
2θ(τ)ρˆ(A)c + sin
2θ(τ)ρˆ(A)n )
+3ξρˆ(A)≥2 +O(ξ
2), (8)
where the mixing angles are cos2θ(τ) = e−τ
2/τ2m and
sin2θ(τ) = 1− e−τ
2/τ2m . Thus, the decoherence for the atomic
W -state results from the incoherent mixing of the initial superra-
diant state ρˆ(A)c  |W AW | at τ = 0 to mixtures of subradiant
states ρˆ(A)n at τ > 0, which increase the vacuum component ρˆ0
for the photonic state ρˆ(γ)W . In turn, the increase of the subradi-
ant states ρˆ(A)n contributes to a reduction in the coherent com-
ponent ρˆ(A)c of ρˆ
(A)
W (τ), as well as to a build-up of uncorrelated
atomic noise ρˆ(A)≥2 relative to ρˆ
(A)
c . The net effect is a simulta-
neous degradation of the entanglement parameters {∆, yc} with
a time-scale τm = 1/(|δk|vt)  17 µs. For the actual simula-
tions in ref.1, we perform the full calculations including section
V to incorporate the atomic fluorescence, laser scattering and
background noise.
Fig. S6 illustrates the temporal reduction in the overall co-
herence d of the full quadripartite state in our experiment1. Op-
erationally, the loss of coherence is observed in terms of the
decrease in imbalances among {p1000, p0100, p0010, p0001} as a
function of storage time τ , and hence to an increase in ∆. The
behavior of the experimentally observed photon probabilities in
Fig. S6a results from the progressive decay of the initial coher-
ence for ρˆ(A)W (τ0) at τ0 = 0.2 µs for which Veff(τ0) = 4d =
0.95 ± 0.02, evolving then to Veff(τf ) = 0.10+0.25−0.10 for the fi-
nal state ρˆ(A)W (τf ) measured at τf = 36.2 µs. The observed
evolution is qualitatively in good agreement with our theoreti-
cal model of the photon probabilities shown in Fig. S6b. The
spin-wave statistics are similarly modified by phase decoher-
ence leading to an increase of yc, from yc(τ0) = 0.03 ± 0.01
to yc(τf ) = 0.74± 0.34.
Finally, in Fig. S7, we show the dissipative dynamics of
the atomic W -state1, displayed independently for ∆(τ) (Fig.
S7a) and yc(τ) (Fig. S7b). The complete 3-dimensional dy-
namics of the atomic W -states is displayed in Fig. 3 of ref.1
(See also the Supplementary Movie). The temporal behaviors
of {∆(τ), yc(τ)} in our experiment1 of the quadripartite atomic
state (black points) are in qualitatively good agreement with the
simulated dynamics for ρˆ(A)W (τ) (black line). However, for ∆,
we find that our data points consistently lie above the theoretical
dynamics for ρˆ(A)W (τ).
One possible explanation is that for the ∆-measurement,
stringent interferometric stabilities and excellent overlaps λ,
close to unity, are required for all the 16 spatio-temporal modes
{k, s}, composed of the 8 quantum fields γ1 = {a1, b1, c1, d1}
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FIG. S7 Temporal evolutions of the individual entanglement pa-
rameters. Due to the motional dephasings of the spin-waves, the ex-
perimentally measured entanglement parameters (black points), for a,
∆(τ), and for b, yc(τ), increase with a time-scale τm  17µs. The
theoretical simulation for the temporal behavior of {∆, yc} is displayed
as a black solid line. The gray band around the theoretical curve δ(τ)
represents the 1/e uncertainty of the simulation due to the systematic
error of the measured overlap λ.
and γ2 = {a2, b2, c2, d2}, as well as of the 8 classical writ-
ing and reading pulses, with s corresponding to the polarization
state of each field. Ultimately, the wavepacket overlap for the
entangled fields γ2 = {a2, b2, c2, d2} is limited by the differ-
ential optical depths of the cold samples {a, b, c, d}, which in
turn yield differential group velocities during the slow light pro-
cess of coherent transfer from ρˆ(A)W to ρˆ
(γ)
W by way of dynamic
electromagnetically induced transparency12.
We include this effect in the model via a field overlap λ
(ref.15), where a fit corresponding to Fig. S5 gives λ = 0.98
(λ = 0.95 for Fig. S7a), with similar results obtained from
the calculation of overlap for the measured temporal shapes of
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the wave-packets γ2 = {a2, b2, c2, d2}. For the simulated dy-
namics of Fig. 3a in ref.1, we use the field overlaps λ obtained
independently from classical measurements of the interferomet-
ric visibility for both ‘classical’ (write, read) and ‘quantum’ in-
terferometers (quantum fields γ1, γ2). Thus, the discrepancy in
∆(τ) can be largely attributed to the systematic uncertainty in
the inference of λ = 0.97 ± 0.03, with the uncertainty corre-
sponding to the dynamics of ∆(τ) shown as a gray band in Fig.
S7a.
VII. ENTANGLEMENT THERMALIZATION
Here, we formulate the thermal equilibrium state ρˆG
(refs.16,17) of a Heisenberg-like model HˆH and a Lipkin-
Meshkov-Glick model HˆLMG, as presented in Fig. 2b of ref.1
(see also Fig. S5c). We compare the entanglement parameters
{∆(T ), y(T )c } obtained from HˆH and HˆLMG to the observed sta-
tistical behavior of the quadripartite states of the ensembles in
ref.1.
A. Heisenberg-like model
We begin with a Heisenberg-like Hamiltonian HˆH of four
(Ns = 4) spins {i, j} of spin vectors S(i) = {Sˆ
(i)
x , Sˆ
(i)
y , Sˆ
(i)
z }
with isotropic infinite-ranged ferromagnetic interaction (Jij =
J > 0 for all {i, j}), where
HˆH = −
J
Ns

i,j
S(i) · S(j) + hz

i
Sˆ(i)z + Hˆp.
Here, HˆH includes a standard Heisenberg interaction
− JNs

i,j
S(i) · S(j) + hz

i Sˆ
(i)
z , as well as a spin-
projection term Hˆp = 2hz|S,−SS,−S| which selects out
the collective spin state |S,−S with bias energy 2hz and
suppresses the thermal equilibrium population of |S,−S .
Since the Hamiltonian HˆH commutes with the collective spin
operators {S2, Sˆz} ≡ {(

i
S(i))2,

i Sˆ
(i)
z }, HˆH is diagonal in
the basis of collective spin states |S,M for 0 ≤ S ≤ Ns/2 and
−S ≤M ≤ S. The eigenenergies are
ES,M =

−J4S(S + 1) + hzM +
3J
4 , if |S,M = |2,−2
−3J4 , if |S,M = |2,−2.
The degeneracy for |S,M is given by DS =
(2S+1)Ns!
(Ns/2+S+1)!(Ns/2−S)!
(ref.7). Importantly, for any value
of hz > 0, the ground state is |2,−1 ≡ |W1 =
1
2 (|1000 + |0100 + |0010 + |0001) with energy
E2,−1 = − 3J4 − hz . In the following sections, we will
set the magnetic field to hz = J/2.
B. Thermal equilibrium state
We solve for the Gibbs state, ρˆ(H)G =
1
Z e
−βT HˆH , where
Z = Tr(e−βT HˆH) is the partition function and beta parameter
βT = 1/kBT for thermal energy kBT at temperature T . Ex-
plicitly, we obtain ρˆ(H)G =
1
Z

S,M DSe
−βT ES,M ρˆS,M . Here,
the component ρˆS,M is a mixed state that contains all possible
|S,M for the degeneracy of DS ; e.g., ρˆ1,−1 = 13 (|W2W2|+
|W3W3|+ |W4W4|) is a mixture of three non-symmetrized
single-excitationW -states, {|W2, |W3, |W4}.
By mapping the spin-states to number-states (| ↓, ↑ →
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|0, 1)18, we obtain a Gibbs number-state ρˆ(n)G in the form of
ρˆ(n)G (T ) = p0ρˆ0 + p1ρˆ1 + p≥2ρˆ≥2, (9)
as in the reduced density matrices ρˆr of {ρˆ
(A)
W , ρˆ
(γ)
W }. Our
goal is to calculate the thermal (T ) behavior of multipar-
tite entanglement16,17 for ρˆ(n)G via the entanglement parameters
{∆(T ), y(T )c }.
Because the vacuum component ρˆ0 and the higher order terms
ρˆ≥2, as well as the non-symmetric single-excitation states ρˆ1,−1
of ρˆ1 are more energetic than the ground state |W1, the Gibbs
state ρˆ(n)G (T = 0) is the symmetric W -state |W1W1| at zero
temperature. For low temperature (βT  1), we approximate
ρˆ(n)G by
ρˆ(n)G (T ) 
1
Z
(Z0ρˆ0 + Z1ρˆ1 + (1− Z1 − Z0)ρˆ≥2), (10)
with Z0 = e
3βT J
4 and Z1 = ZW + 3ZX . The single-excitation
subspace ρˆ1 is
ρˆ1(T ) 
1
Z1
(ZW |W1W1|+ 3ZX ρˆ1,−1), (11)
with ZW = e
βT (4hz+3J)
4 , ZX = e
βT (4hz−J)
4 . Here, the thermal
excitations from the ground state |W1W1| to one of ρˆ1,−1
occur with probability ξ = ZX/ZW = e−βT J .
C. Entanglement parameters
For the sum uncertainty ∆(T ), we only consider the single-
excitation subspace ρˆ1 (Eq. 11). The probability to find |W1
is p1000 = W1|ρˆ1|W1 = 11+3e−βT J , whereas the probabilities
to find the non-symmetric states are p0100 = p0010 = p0001 =
e−βT J
1+3e−βT J
. For βT  1, we deduce the sum uncertainty∆(T ) 
6e−βT J = 6ξ. Similarly, we find the quantum statistics y(T )c 
16
3 e
−βT J = 163 ξ. Thus, the parametric relation
∆(T )  6×
3
16
y(T )c =
9
8
y(T )c (12)
replicates the statistical behavior of ∆th  98 (yc)th for the en-
sembles (section V) in the low-excitation regime (equivalent to
βT  1).
By performing the full calculation of {∆(T ), y(T )c } for ρˆ
(n)
G
without any approximations and by inserting the excitation
probability ξ = e−βT J into the expression of heralding prob-
ability ph(ξ) for ρˆ
(A)
W (section V), we compare the theoretical
expectations {∆(T ), y(T )c } of the thermal state ρˆ
(H)
G to the exper-
imental data, presented in Fig. 2b as a red dashed line (ref.1;
see also Fig. S5c). In Fig. S5, we plot the dependences of the
individual parameters ∆(T ) and y(T )c to ph as red dashed lines.
The panels on the right-hand side show the log-log scale plots
of the figures for small values of ξ.
D. Lipkin-Meshkov-Glick model
We simulate the entanglement parameters {∆(T ), y(T )c } of
a thermal equilibrium state ρˆ(LMG)G for an isotropic Lipkin-
Meshkov-Glick (LMG) Hamiltonian HˆLMG (ref.19), where
HˆLMG = −
J
4

i,j
(Sˆ(i)x Sˆ
(j)
x + Sˆ
(i)
y Sˆ
(j)
y ) + hz

i
Sˆ(i)z ,
with infinite-range interactions J > 0. The energy states are
the collective spin states |S,M with the eigenenergy ES,M =
−J4 (S(S + 1) −M
2) + J2 + hzM. By setting hz = J/2, the
ground state can be made |W1. Proceeding with the methods in
sections VII.B-VII.C, we calculate {∆(T ), y(T )c } for the Gibbs
state ρˆ(LMG)G of HˆLMG, as depicted in the blue dash-dotted lines
of Fig. S5 and Fig. 2b of ref.1.
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